A quantum-mechanical many-particle system may exhibit nonlocal behavior in that measurements performed on one of the particles can affect a second one that is far apart. These so-called entangled states are crucial for the implementation of quantum information protocols and gates for quantum computation. Here, we use ultrafast optical pulses and coherent pump-probe techniques to create and control spin entangled states in an ensemble of up to three non-interacting electrons bound to donors in a Cd 1−x Mn x Te quantum well. Our method, relying on the exchange interaction between optically excited excitons and the paramagnetic impurities, can in principle be applied to entangle an arbitrarily large number of electrons. A microscopic theory of impulsive stimulated Raman scattering and a model for multi-spin entanglement are presented. The signature of entanglement is the observation of overtones of donor spin-flips in the differential reflectivity of the probe pulse. Results are shown for resonant excitation of localized excitons below the gap, and above the gap where the signatures of entanglement are significantly enhanced. Data is also presented on the generation of coherent excitations of antiferromagnetically coupled manganese pairs, folded acoustic phonons, exciton Zeeman beats and entanglement involving two Mn +2 ions.
I. INTRODUCTION
The problem of quantum entanglement has attracted much attention since the early days of quantum mechanics. For pure states, entanglement refers to nonfactorizable wave functions that exhibit non locality with correlations that violate Bell's inequalities. 1 As exemplified by the famous Einstein-Podolsky-Rosen paradox, one of the most intriguing features of quantum behavior is that noninteracting parts of a system can show nonlocal correlations reflecting interactions that occurred in the past. In this respect, entangled states of macroscopic systems-the so-called Schrödinger cats-are of particular interest because their properties defy classical intuition. While the quantum/classical boundary has been discussed in the theoretical literature for nearly 70 years, 1 careful experiments that probe this boundary have only been carried out in the past decade. 2 It is also recently that specific models have been solved to reveal the mechanisms by which coupling to the environment restores classical reality through decoherence. 2 Following the proposal by Deutsch for a quantum computer in 1985, 3 the building of a quantum cryptography machine in 1989, 4 and the discoveries ͑by Shor 5 in 1994 and by Grover 6 in 1996͒ of quantum algorithms that outperform those of classical computation, research on the foundations of quantum mechanics has now moved to the center of the new field of quantum information. 2 As a result, the questions of entanglement and decoherence have acquired practical significance.
The generation of a multiple-qubit entangled state is an essential step for quantum computing. Particularly important for information processing are those operations associated with gate sets that can perform any quantum computation, such as the combination of single-qubit operations with the 2-qubit controlled-NOT ͑C-NOT͒ gate which relies on entanglement. 2 Although techniques to entangle a pair of particles and, in particular, a pair of photons have been known for some time, 7 correlations involving more than two particles have been demonstrated experimentally only recently. 8, 9 The various schemes that have been proposed for the implementation of a quantum computer use different strategies for attaining entangled states. These methods can be broadly categorized into two classes according to whether or not the entanglement between qubits is mediated by an auxiliary particle. In schemes based on nuclear magnetic resonance ͑NMR͒ 2 and for excitons in quantum dots, 10 the source of entanglement is the direct spin-spin exchange or Coulomb interactions which cannot be controlled experimentally. An example belonging to the second class is the ion trap system where center-of-mass phonons induce coupling between initially noninteracting ions. 9 Following specific proposals for entanglement, many systems have been considered as candidates for the implementation of a quantum computer. Schemes based on NMR, trapped ions and cavity quantum electrodynamics are just a few examples. [11] [12] [13] In addition, solid-state approaches ͑using, for example, excitons in quantum dots, 14 spins of localized electrons, 15 and Josephson junctions 16 ͒ have attracted much attention, motivated mainly by the fact that solid-phase processing techniques allow for easy integration and scaling.
In our work, the qubits are embodied by the spins of electrons bound to donors in a Cd 1−x Mn x Te quantum-well ͑QW͒. Our entanglement scheme, relying on an optically excited exciton to introduce correlations between the donorbound electrons, belongs to the second category, as described above. [17] [18] [19] For small x, Cd 1−x Mn x Te is a dilute magnetic semiconductor ͑DMS͒ with the zinc-blende structure. DMSs are alloys for which many physical properties such as the lattice parameter and the bandgap can be widely tuned by varying the concentration of a magnetic ion. 20, 21 This tunability makes Cd 1−x Mn x Te a very useful system for bandgap engineering and device applications. Depending on x and on temperature, Cd 1−x Mn x Te exhibits paramagnetic, antiferromagnetic or spin-glass phases. 20, 21 Many of the unique properties of DMS materials stem from the so-called sp-d exchange interaction involving the localized d-states of the magnetic ions and sp-states associated with the semiconductor gap. At relatively small manganese concentrations, the sp-d exchange leads to unusually large Zeeman splittings with concomitant giant Faraday rotation and enhancement of the electron and hole gyromagnetic factor. 20, 21 Hence, the effective magnetic field experienced by states near the gap can be significantly larger than the external field. This applies also to donor-bound electrons since the corresponding wave functions derive from states near the bottom of the conduction band. 20 Due to a combination of spin-orbit coupling and quantum confinement, the heavy-hole spin in QW's made of Cd 1−x Mn x Te, or other zinc-blende semiconductors, points along the sample growth direction, the z-axis, independently of the direction of the external magnetic field ͑this, provided the Zeeman splitting is small compared with the separation between the heavy-and light-hole states͒. 22, 23 This property is crucial to our entanglement method for the interaction between the photoexcited heavy-hole of the exciton and the bound electrons provides the effective coupling which leads to entanglement. 24, 25 This paper is organized as follows. In Sec. II, we present a brief introduction to the theory of impulsive stimulated Raman scattering and our model for multi-spin entanglement. Experimental observations and discussions are given in Sec. III. While this paper is primarily centered on the generation of spin-entangled states of donor-bound electrons, we also report on the observation of other coherent excitations, specifically, exciton Zeeman beats in the Faraday configuration, Raman beats of antiferromagnetically coupled manganese neighbors and folded acoustic phonons. Indirect evidence of entanglement involving at least two Mn 2+ ions is also discussed.
II. MODEL FOR THE GENERATION OF MULTI-SPIN ENTANGLEMENT

A. Stimulated Raman scattering and coherent superposition states
Ultrafast laser pulses can be used to generate macroscopic coherence for extended modes as well as correlations between localized quantum states through impulsive stimulated Raman scattering ͑ISRS͒. [26] [27] [28] In particular, ISRS has been extensively applied to generate coherent vibrations in solids and molecules ͑we note that the theory of ISRS by phonons, as discussed in, e.g., Ref. 28 , can be easily modified to account for other modes, such as inter-subband density oscillations 29 and plasmons 30 ͒. Because of its relevance to our method for spin entanglement, we present in the following a simplified discussion of ISRS for molecular-like systems, emphasizing its main features. A more complete treatment of stimulated Raman scattering can be found in most nonlinear optics textbooks; see, e.g., Refs. 31 and 32.
The analysis of time-resolved pump-probe experiments can be conveniently divided into two parts. First, the pump pulse generates a coherent superposition state and, then, a time-delayed and weaker probe pulse is used to measure the changes in the optical constants arising from the pumpinduced coherence. The relevant Hamiltonian is
where the spectrum of H 0 is shown in Fig. 1͑a͒ . Here,
describes the interaction of the medium with a classical light field, ⍀ = ͑E 2 − E 1 ͒ / ប where E m ͑m = 1,2,…͒ denotes an eigenenergy of H 0 , d is the electric-dipole operator and F = F 0 ͑F 0 ͒ is the incident time-dependent electric field of the pump ͑probe͒ pulse. To simplify the notation, d and F are treated in this section as scalars. The low-lying states ͉1͘ and ͉2͘ are associated with spin or vibrational degrees of freedom whereas the set ͉l͘ represents higher-lying electronic states with E l ӷប⍀ ͑in our problem, the energies of ͉l͘ are close to the QW bandgap͒. We assume that dipole transitions between both ͉1͘ and ͉2͘ and the excited states ͉l͘ are allowed, i.e., d li = ͗l͉d͉i͘ 0 for i = 1,2, and also that the system is initially in the ground state ͉1͘. Following the interaction with the pump pulse, and ignoring decay, the wave function of the system at times that are large compared with the pulse width can be written as
where C 1 , C 2 , and C l are time-independent coefficients. To lowest order in the electric field,
and F T ͑͒ = ͐F T ͑t͒e −it dt is the Fourier transform of the transmitted pump field. Note that C 2 vanishes if the pump bandwidth is small compared with ⍀. Because the expression for ⌸ is identical to that of the spontaneous Raman scattering matrix, the process by which the correlation between ͉1͘ and ͉2͘ is established is known as stimulated Ra- man scattering. 31, 32 We recall that, in the spontaneous case, an incident photon of frequency induces a transition from the ground state ͉1͘ to some intermediate state, and it is then reemitted as a photon of frequency -⍀, following the transition from the intermediate to the final state ͉2͘. Unlike the stimulated process, for which the coherence is driven by a pair of classical fields, namely, F T ͑͒ and F T ͑ − ⍀͒, which are contained in the pulse spectrum of Fig. 1͑b͒ , spontaneous Raman events involve single photons which leave the system in a mixed as opposed to a coherent superposition state.
In the nonresonant case, that is, for C Ӷ E l / ប, where C is the central frequency of the laser pulses, C l Ϸ 0 and, provided ⍀Ӷ C , the interaction of the probe pulse with ⌿ can be described in terms of the slowly varying optical susceptibility
where 0 ͑͒ is the linear susceptibility and
Except for a constant factor, the expressions for A and ⌸ are the same. As discussed in Ref. 33 , this result applies strictly to transparent substances. Under resonant conditions, A as well as the real part of ⌸ remain identical to the Raman matrix, but the imaginary component of ⌸ differs considerably. 33 Even though the matrix elements that apply to the generation and detection are different for opaque media, the selection rules for spontaneous and stimulated Raman scattering are the same and, as such, their determination is crucial for identifying the mechanism responsible for the coherence.
Our pump-probe experiments were performed in the reflection geometry at nearly normal incidence. Using Eq. ͑6͒ and the expression for the reflection coefficient r = ͑n −1͒ / ͑n +1͒ , where n = ͱ 1+4 is the time-dependent refractive index, we can easily find the spectrum of the reflected probe beam, F R ͑t͒. Writing the incident probe field as
where is the pump-probe delay, we obtain to lowest order in both the pump and probe fields
where n R ͑͒ is the standard refractive index. Thus, the change in the reflected intensity at frequency due to the Raman coherence is
͑8͒
which can be written as
It follows that the reflectivity oscillates with frequency ⍀ as a function of the time delay . Similar results are obtained for the phase of the reflection coefficient and for the magnitude and phase of the transmission coefficient. However, in the transmission geometry the dominant term is proportional to the length of the sample and has an additional phase of /2. 27, 28 Analogous to Eq. ͑4͒, Eq. ͑8͒ indicates that the differential reflectivity depends on the overlap between F 0 ͑͒ and F 0 ͑-⍀͒. Also, note that ⌬R is proportional to the product of the pump and probe intensities. 27, 28 Finally, it can be shown for multiple coherences ͑more than two correlated low-lying levels͒ that the total signal is a linear superposition of terms such as those in Eq. ͑9͒ with different frequencies.
Correlations involving low-lying levels are known as ground-state coherences. 34, 35 For resonant excitation and, in particular, when the pulse width is greater than the energy separation between states in the ͉l͘-manifold, the pump pulse can also induce correlations between these higher-lying levels which are referred to as excited-state coherences. Like ground-state coherences, excited-state coherences also modify the reflected probe spectrum ͑although not by way of Raman but through stimulated emission͒ 34, 35 and these changes can be measured in standard pump-probe experiments. For two or more particles to be entangled, it is generally required that they be interacting or that an interaction had occurred in the past. In our case, an optically excited exciton provides the coupling between N electrons bound either to donors or to Mn 2+ ions. The relevant Hamiltonian is
where ͉g͘ is the ground state of the solid and ͉e͘ represents an exciton of energy E e . 22, 36 As before, V͑t͒ =−d·F͑t͒ accounts for the interaction with light pulses. H g describes the Zeeman coupling of the electrons with the external magnetic field, given by
where s i is the spin of the ith electron, S = ͚ i=1,…,N s i is the total spin of N electrons, B is the applied magnetic field and g is the appropriate gyromagnetic factor. For the d-states of Mn 2+ , g Mn Ϸ 2 whereas, thanks to the presence of manganese, the gyromagnetic factor of both electrons and holes in Cd 1-x Mn x Te is considerably larger than in CdTe ͑see Sec. III͒. 20 The term
describes the interaction of the bound electrons with the exciton. Here B w = B + B e is the effective magnetic field, B e =−J / g B is the exchange field where J is the spin of the heavy-hole composing the exciton ͑ ͉J͉ = 3 2 ͒ and is a coupling constant describing the exchange interaction between electrons and heavy-holes, which depends on the overlap between their wave functions ͑for simplicity, we assume that is the same for all donor electrons͒. 24, 25, [37] [38] [39] As mentioned earlier, provided the external magnetic field is not too strong, J is parallel to the z-axis. 23, 40 The Hamiltonian H S in Eq. ͑10͒ can be diagonalized exactly. The eigenfunctions are separable into products of bound-electron spin and exciton states. The energy levels are shown schematically in Fig. 2 . The states at the bottom of the figure are of the form ͉S − k͘ x ͉g͘, where ͉S − k͘ x is one of the Zeeman-split states of the total spin S with the quantization axis parallel to the x-direction. Here, S 2 ͉ S − k͘ x = S͑S +1͉͒S − k͘ x and S = N / 2. Also, H S ͉ S − k͘ x ͉g͘ = k ប⍀ 0 ͉S − k͘ x ͉g͘ with 0 ഛ k ഛ 2S where ⍀ 0 = g B B / ប is the paramagnetic resonance ͑PR͒ frequency associated with the spin-flip of a single electron. In the presence of the exciton, H S ͉S − l͘ w ͉e͘ = ͑E e + l ប⍀ 0 Ј͉͒S − l͘ w ͉e͘ where ͉S − l͘ w is a Zeeman-split state for which the quantization axis is parallel to B w and ⍀ 0 Ј= g B B w / ប. As mentioned in Sec. I, the fact that J is parallel to the z-axis or, alternatively, that B w and B are in different directions, is crucial to the implementation of our method. If ͗g ͉ d ͉ e͘ 0, transitions between ͉S − k͘ x ͉g͘ and ͉S − l͘ w ͉e͘ are electric-dipole allowed because Zeeman states along different quantization axes are not orthogonal to each other. Hence, a Raman coherence between different states in the ͉S − k͘ x ͉g͘ manifold can be attained by using two dipole-allowed transitions with ͉S − l͘ w ͉e͘ as intermediate states ͑note that, since ͗S͉SЈ͘ = ␦ SS Ј , states with S N / 2 are not accessible to our method͒. As an example, the two arrows in Fig. 2 denote transitions which can lead to the so-called maximally entangled Bell state ͉͑−S͘ x + ͉S͘ x ͒ / ͱ 2. More generally, a properly tailored optical pulse can, in principle, generate a predefined coherent superposition state of the form
For S ӷ 1, our problem can be mapped into that of two harmonic oscillators displaced with respect to each other as represented by the parabolas in Fig. 2 . Explicitly
͑14͒
where J z = ±3/2 and ⌬S = SJ z / B gB is the spin displacement. 41 Thus, the Hamiltonian becomes identical to that of a molecule with electrons that couple to a single vibrational mode. This mapping, generalized to incorporate anharmonicity ͑to account for a finite number of spin levels͒, is important for it suggests that spin manipulation can be attained by using the same coherent-control techniques that apply to molecular vibrations. Available techniques include pulse shaping, four-wave-mixing, stimulated Raman adiabatic passage ͑STIRAP͒ and pump-dump methods. [42] [43] [44] [45] The displaced-oscillator model also provides a natural explanation for the occurrence of vibrational overtones in spontaneous Raman scattering 36, 46 and, relevant to our work, it has been used to account for Raman observations of up to 15 overtones of the Mn 2+ spin-flip PR-transition in a Cd 1−x Mn x Te QW. 22 Based on the discussion of Sec. II A, the coherent superposition state of Eq. ͑13͒ is expected to modulate the optical constants of the sample at frequencies that are multiples of ⍀ 0 ͑in comparison, the modulation due to an arbitrary nonentangled product state should only contain the fundamental frequency͒. Because the electron spin is s = 1 2 , the presence of the mth harmonic of ⍀ 0 is the signature of an entanglement involving m electrons. However, it is important to call attention to the fact that we cannot distinguish between a system of non-entangled electrons and entangled states in the S → ϱ limit since the impulsive excitation of a strictly harmonic oscillator creates a Glauber coherent state which does not exhibit overtones. 28 In our ISRS experiments, we detect the first and second overtones of the PR for donorbound electrons, but only the fundamental mode for Mn 2+ electrons. These results are consistent with the displacedoscillator model in that a system of two or three donors is considerably more anharmonic than the five-electrons of a single Mn 2+ ion.
FIG. 2.
Generic level structure of a QW system of bound electrons coupled to a localized exciton of energy E e . Optical transitions are depicted by arrows. B is the external magnetic field and B e is an effective field describing the interaction between the electrons and the exciton heavy-hole. The energy diagram is not to scale ͑E e is much greater than the Zeeman-splitting͒. Parabolas represent the vibrational analog for S ӷ 1.
III. EXPERIMENTS
Our sample is a 100-period superlattice consisting of, nominally, 58 Å thick CdTe wells with 19 Å thick MnTe barriers, grown by molecular-beam-epitaxy on a thick ͑re-laxed͒ ͓001͔ CdTe substrate. Bulk CdTe is a nonmagnetic zinc-blend semiconductor with a bandgap of 1.6 eV and MnTe is an antiferromagnet with gap at 3.23 eV. 20, 21 Due to diffusion from the barriers, the wells in our sample contain a small number of Mn 2+ ions close to the interfaces so that, instead of CdTe, we have, on average, CdTe 0.996 Mn 0.004 Te. Although the amount is minor, the presence of manganese impurities has a profound effect on the magnetic response of the QW. The superlattice is nominally undoped. Consistent with other reports, [47] [48] [49] however, our Raman experiments reveal the presence of isolated donors in the wells ͑possibly indium͒ with a concentration of ϳ5 ϫ 10 16 cm −3 . We used the 488.0 nm line of an Ar + -ion laser to obtain photoluminescence ͑PL͒ data, and a home-built continuouswave tunable Ti-sapphire laser operated at a power density of ϳ10 −2 Wcm −2 to acquire spontaneous Raman scattering and photoluminescence excitation ͑PLE͒ spectra. Our split-coil superconducting optical cryostat provides fields up to 7 T.
Differential reflectivity data was obtained using a standard pump-probe setup. As light source, we used a mode-locked Ti-sapphire laser, pumped by a 532 nm, 5 W solid state laser which provided ϳ100 fs pulses at the repetition rate of 82 MHz which were focused on a 400 µm diameter spot using an average power of 3-4 mW. The central wavelength of the pulses could be tuned in the range 720-776 nm to resonate with the QW bandgap. Data were obtained either in the Voigt ͑B Ќ z͒ or the Faraday ͑B ʈ z͒ geometry with the photon wave vector along the z-axis. Unless stated otherwise, the pump beam was circularly polarized to couple to a single spin component of the heavy-hole ͑say, J z = 3 2 ͒ while the incident probe beam was linearly polarized. We measured the pumpinduced change in the field of the reflected probe beam, ⌬F R , as a function of the time delay between the two pulses; see Eq. ͑7͒. To obtain ⌬F R , we determined separately the pumpinduced shift of the polarization angle of the reflected probe field, ⌬, and the differential reflectivity ⌬R ϰ F R · ⌬F R ; see Eq. ͑8͒. We worked in the linear regime in which both ⌬ and ⌬R are proportional to the intensity of the laser pulses. ⌬ was gained from magnetic Kerr measurements using the scheme described in Refs. 50 and 51 which gives an output signal proportional to F R ϫ⌬F R . A symmetry analysis indicates that ⌬F R must be perpendicular ͑parallel͒ to F R and, hence, that ⌬R ϵ 0 ͑⌬ ϵ 0͒ for excitations involving an odd ͑even͒ number of spin-flips. Such excitations are odd ͑even͒ under time-reversal and, thus, they belong to the antisymmetric A 2 ͑symmetric A 1 ͒ representation of the D 2d point group of the QW.
A. Sample characterization: Photoluminescence and spontaneous Raman scattering Figure 3 shows the PL and PLE spectra of our sample. Features below 1.71 eV are associated with transitions involving heavy-hole states. Due to quantum confinement, the QW bandgap is blueshifted, by ϳ80 meV, with respect to the bandgap of bulk CdTe. Consistent with other studies on similar samples, 22 the PL peak is redshifted ͑by ϳ6 meV͒ with respect to the first PLE maximum, an indication that the PL is associated with the recombination of localized excitons. The PLE feature at ϳ1.73 eV is attributed to transitions involving the light-hole subband, as supported by a calculation of the QW level structure. Such transitions are outside the range of our Raman and pump-probe experiments.
PL and PLE
In DMS systems, the interaction of the electron and hole with the magnetic ions leads to an unusual magnetic-field behavior of the exciton energy. 20, 21 Schematic diagrams illustrating the field dependence of conduction and heavy-hole states as well as the selection rules for excitation with circularly polarized light are shown in Fig. 4 . where N 0 ␤ Ϸ −880 meV. For the gyromagnetic factor of the hole in a CdTe QW, the approximate value g HH Ϸ 0.65 can be gained from results reported in Ref. 52 . Once again, we emphasize the fact that, at small fields, the heavy hole exhibits no Zeeman splitting in the Voigt configuration since its spin is oriented along the z-axis. 23 The measured magnetic-field dependence of the PL is reproduced in Fig. 5͑a͒ . Figure 5͑b͒ shows the strongly nonlinear dependence of the PL redshift which saturates at large fields, closely following the behavior of the Brillouin function. The curves in Fig. 5͑b͒ are fits to ͑E − C + E − HH ͒ for the Faraday and E − C for the Voigt configuration. From these fits, the manganese concentration can be determined. The data in the Voigt ͑Faraday͒ configuration gives x = 0.004 ͑0.0035͒ and T = 3.5 K. The fact that the temperature from the fit is slightly higher than the bath temperature is attributed to laser heating. We believe that the manganese concentration obtained from measurements in the Voigt configuration is closer to the actual value for our sample because of the uncertainty in the determination of g HH , which exhibits a strong dependence on well-width. 52 Moreover, as shown below, fits to spontaneous Raman and pump-probe data on the magnetic-field dependence of the donor spin-flip transition also give x = 0.004.
Resonant spin-flip Raman scattering
Raman scattering has been widely applied to study electronic excitations of impurities in a broad range of materials. 53 In particular, spin-flip transitions of magnetic ions and donor-bound electrons have been investigated at length in DMS ͑both bulk and QW form͒. 47, 48 Raman spectra obtained in the Voigt geometry using laser energies near the QW bandgap are shown in Figs. 6 and 7. The incident ͑scat-tered͒ light is polarized along the ͓110͔ ͓͑110͔͒ axis. Most of the features are due to transitions within the Mn 2+ 6 S 5/2 -multiplet. The spectrum of Fig. 6 shows the manganese PR ͑i.e., the transition S z = 5 2 → S z = 3 2 ͒, two PR overtones and, in addition, the peak labeled 1SF at ϳ12 cm −1 due to the spin-flip of an electron bound to a donor. 17, 22, 49 The PR frequency shifts linearly with B with a slope consistent with g Mn Ϸ 2. 47 As shown in the inset of Fig. 6 , the 1SF behavior follows closely the theoretical prediction, Eq. ͑15͒, in that its frequency is approximately twice the frequency shift of the PL in the Voigt configuration ͑we note that g has approximately the same value for free electrons, electrons bound to donors and electrons in free and bound excitons͒. The 1SF width is ϳ3 cm −1 . We believe that the broadening is primarily due to fluctuations in the local Mn 2+ concentration. As shown in Fig. 7 , the manganese overtone scattering is strongly enhanced when the laser energy is tuned to resonate with the PL feature at ϳ1.68 eV ͑see Fig. 3͒ . The PR intensity versus laser excitation energy is plotted in the inset of Fig. 7 . The blueshift of the Raman maximum with respect to the PL peak indicates that the scattering is stronger for the outgoing resonance and, together with the results of Fig. 3 , that localized excitons are the relevant intermediate states in the multiple spin-flip Raman process. 22 Such a behavior resembles what was reported many years ago for donor spinflip harmonics in CdS and ZnTe. [54] [55] [56] Within the context of the model of Fig. 2 , the observation of more than five overtones is an indication that a single exciton couples on average to at least two Mn 2+ ions. While the donor spin-flip also resonates with the localized excitons, the stronger manganese scattering prevented us from making an accurate determination of its resonant behavior. We further note that the spectra reveal no evidence of 1SF overtones. Therefore, spontaneous Raman data cannot be used to determine the average number of donors that couple to a single exciton ͑as shown in the next section, the time-domain measurements give three donors per exciton͒.
Our Raman results are in excellent agreement with the work of Stühler et al. on similar samples. 22 Consistent with the model depicted in Fig. 2 , the multiple manganese PRscattering is not observed in the Faraday geometry where B, B e and the hole quantization axis are all along z. Moreover, peaks involving an odd ͑even͒ number of Mn 2+ spin-flips are seen mainly when the polarizations of the incident and scattered light are perpendicular ͑parallel͒ to each other, reflecting the fact that the corresponding excitations belong to the A 2 ͑A 1 ͒ representation of the D 2d point group. These selection rules apply at temperatures that are not too low. As shown in Fig. 7 , a departure from these rules is observed at low temperatures, suggesting that the actual symmetry of the QW is lower than D 2d ; see Ref. 22 and, in particular, Ref. 49 for related observations on 1SF.
B. Ultrafast pump-probe experiments and entanglement generation
The time-domain results discussed below reveal spinrelated oscillations associated with the same transitions observed in Raman spectra and, in addition, new features identified as excited-state coherences. The amplitude of the coherent oscillations shows a strong dependence on both the magnetic field and the central energy of the pulses and, consistent with Raman results, the selection rules show departures from the nominally D 2d symmetry of the QW. An important distinction with the frequency-domain data is that, while the Raman spectra of Mn 2+ exhibit pronounced PRovertones, the time-domain traces show only the fundamental frequency. In some sense, the opposite applies to electrons bound to donors. Unlike spontaneous Raman data, for which the corresponding spin-flip overtones are too weak to be observed, up to two overtones are detected in the pumpprobe experiments. As discussed in Sec. II B, this observation is the signature of a three-electron entanglement.
Pump-probe oscillations: Laser tuned below the QW bandgap
Pump-probe data with the laser tuned below the QW bandgap are shown in Fig. 8 . The oscillations were analyzed using linear prediction ͑LP͒ methods, 57 and the parameters from the LP fit were used to generate the Fourier transform spectra shown in the insets. The top trace in Fig. 8 shows a single oscillator of asymmetric line shape at ϳ5.3 cm −1 . The frequency of this mode varies linearly with the magnetic field with a slope that agrees extremely well with the electron gyromagnetic factor of bulk CdTe. Consequently, these oscillations are assigned to the spin precession of electrons in the CdTe substrate. A somehow broader remnant of this signal is also visible in the bottom decomposition spectrum, obtained at a slightly higher central frequency ͑as shown below, the substrate signal disappears as we tune the laser closer to the QW bandgap͒. In addition, the results of Fig.  8͑b͒ show short-and long-lived oscillations of frequency ϳ9 and ϳ6.5 cm −1 which dominate, respectively, during the first ϳ20 ps and above ϳ30 ps. The long-lived feature is the manganese PR. 51 The measured gyromagnetic factor, g Ϸ 2, agrees extremely well with values from Mn 2+ spin-flip Raman scattering ͑Figs. 6 and 7͒ 47 and other experiments. 48, 51 The broad feature at ϳ9 cm −1 is assigned to the spin-flip of donor electrons. Its width and the magnetic-field dependence of its frequency are nearly the same as that of the 1SF line in Fig. 6 ͑note that the frequency from time-domain is slightly lower than that obtained from Raman data because the pump-probe experiment was performed at a higher temperature͒.
Pump-probe oscillations: Laser in resonance
with localized excitons Figure 9͑a͒ shows differential magnetic-Kerr data for excitation resonant with localized excitons. These results have a close similarity to those reported for ͑Zn, Cd, Mn͒Se het- erostructures by Crooker et al. who ascribed the rapidly decaying oscillations to free photoexcited electrons. 51 However, close inspection of the data brings out important differences concerning the nature of the oscillations as well as the source of the coherence. Other than the oscillations associated with the spin-flip of electrons bound to Mn 2+ , at ϳ5.5 cm −1 , the LP fit reveals peaks at ϳ7, 11, and 12 cm
as well as a weaker feature at ϳ22 cm −1 which is the first overtone of the 11 cm −1 peak ͑see later͒. The dependence of the frequency of these oscillations on magnetic field is plotted in Fig. 9͑b͒ . As before, PR denotes the manganese paramagnetic resonance showing a long decay time, whereas the feature labeled PR͑e͒, at a slightly higher frequency, is attributed to its excited-state counterpart, that is, the manganese spin-flip in the presence of the exciton. 17 The doublet identified as SF follows closely the expected behavior of the spin-flip transition of a conduction electron. Accordingly, and for other reasons discussed below, its low-and highfrequency components are assigned, respectively, to the donor spin-flip ground-state coherence ͑the Raman counterpart in Fig. 6 is 1SF͒ and the electron spin-flip of photoexcited excitons 17 ͑or, alternatively, exciton quantum beats involving the two optically allowed transitions in the Voigt configuration; see Fig. 4͒ . The fact that the electron spin-flip frequency decreases slightly with B at high fields, and a somewhat different operating temperature, explain why the 1SF-frequency in Fig. 9͑a͒ is higher than in Fig. 8͑b͒ . Results using the same laser pulses as in Fig. 9͑a͒ , but smaller magnetic fields, are shown in Fig. 10 . The Fourier-decomposition spectra in the insets show only the lower component of the SF-doublet, indicated by 1SF, and its second harmonic, 2SF. Additional differential magnetic Kerr traces obtained using resonant excitation of localized excitons are shown in Fig. 11͑a͒ . Besides the first and second harmonics of the donor spin-flip excitation, the LP-fits for B = 3.4 and 6.7 T reveal the third harmonic, 3SF. The field dependence of the multiple spin-flip frequencies is plotted in Fig. 11͑b͒ . Our assignment of PR͑e͒ as due to the excited-state manganese PR is supported by the following argument. Consider the heavy-hole component of the exchange interaction V HH = ͑␤ /3͚͒ i ␦͑r − r i ͒S i · J between an exciton and Mn 2+ ions at sites r i where ␤ is the constant defined in Eq. ͑16͒ and r is the heavy-hole position. 20, 58 As mentioned in Sec. II B, the effect of V HH on the ions can be expressed in terms of an effective field B e ͑r͒ = ͑␤ /3 B g Mn ͉͒⌿ HH ͑r͉͒ 2 J where ⌿ HH is the hole wave function. 22 Hence, in the presence of the exciton the paramagnetic transition energy should evolve from B g Mn B e at B =0 to B g Mn B for B ӷ B e . This prediction is consistent with the observed behavior of PR͑e͒ in Fig. 9͑b͒ . We believe that exchange-interaction fluctuations are the reason why the width of the PR͑e͒ line is much larger than that of PR. From the PR͑e͒ frequency at zero field and using N 0 ␤ Ϸ 0.88 eV for CdTe, 20 we obtain the very reasonable estimate of ϳ40 Å for the hole localization length ͑the bulk exciton radius in CdTe is 50 Å͒ leading on average to 2.5 Mn 2+ ions per hole. From this number, and in terms of the displaced-oscillator model of Fig. 2 , we infer the value ϳ1.06 for the Huang-Rhys factor at B =7 T. 59 This value is consistent with the observation of ϳ10 PR overtones in the Raman spectrum. Albeit indirect, the combination of the RS and coherent results gives compelling evidence for excitonmediated entanglement involving at least two Mn 2+ ions. Further support for our interpretation is provided by the comparison between Raman scattering and time-domain data on the laser-energy dependence of, respectively, the Mn 2+ PR intensity and ⌬, shown in Fig. 12 . Other than for the dip at the PL maximum due to absorption, and the fact that the resonance width is larger for ⌬, due to broadening introduced by the pulse bandwidth, the resonant behavior of ⌬ is close to that of the Raman PR-peak. We construe this as evidence that the mechanism for PR-oscillations is stimulated Raman scattering.
Our assignment of the SF doublet, 2SF and 3SF as due to the spin-flips of bound electrons is supported, first, by the observation that these features resonate at ប C Ϸ E e ͑not shown͒ and, as mentioned earlier, by their dependence on temperature and field which show excellent agreement with theoretical predictions. The curves in Fig. 9͑b͒ are fits using the Brillouin function to account for ͗S B ͘ in Eq. ͑15͒. The resonant behavior is a clear indication that the relevant intermediate states are localized. This and the linear dependence of the signal with the pump intensity are consistent with the donor interpretation for 2SF and 3SF since linearity excludes the possibility that the overtones could be due to multiple spin-flips of bound excitons. The fact that 2SF is much weaker than 3SF is also consistent with our assignment since double-flip excitations transform like A 1 and, therefore, are nominally forbidden in the geometry we used ͑modes associated with an odd number of flips belong to the A 2 representation, and they are allowed͒. Based on the value of the frequencies at large fields, the fundamental mode from which 2SF and 3SF derive is ascribed to the lower-frequency component of the SF doublet. This mode and the overtones exhibit a similar ប C -behavior, different from that of the higher-frequency component associated primarily with the spin-flip of the electron in the bound exciton ͑see diagram in Fig. 4͒ . The fact that the energy of the latter is slightly larger is attributed to exchange effects. From the splitting, we obtain an upper limit of ϳ600 eV for the electron-hole exchange that is consistent with the value 270 eV from the literature. 60 This estimate ignores electron-electron exchange which is large for exciton-donor complexes, 24 and may provide an additional longer-range mechanism for donor entanglement.
To provide a quantitative estimate of the donor entanglement, we consider all sets of m impurities which interact with the ensemble of photoexcited excitons. Let I 0 be the integrated intensity of the pump pulse, and assume T =0. Then, if ͉0͘ is the wave function immediately before the pulse strikes ͑the multi-impurity ground state with all spins aligned along B͒, integration of Schrödinger equation gives, to lowest order in I 0 , the coherent superposition state
which is of the same form as that in Eq. ͑13͒.
Here denotes a specific impurity set, S = m /2,
͑k͒, n R is the refractive index, e = F 0 /F 0 is a unit vector ͑as before, F 0 is the electric field of the pump pulse͒ and R ␣␤ ͑k͒ is the Raman tensor for the transition ͉ , S͘ → ͉ , S − k͘ of the particular set ͑this tensor vanishes unless all the impurities in the set interact with a single exciton͒. As discussed in Sec. II A, a secondary effect of the interaction of the spin system with light is that ⌽ leads to time-varying optical constants with concomitant oscillations in the intensity or polarization of the reflected probe pulse, with amplitude proportional to
For a given impurity set, the only nonzero components of the density matrix operator ͑k , l͒ = ͉ , S − k͗͘ , S − l͉ are ͗⌽ ͉ ͑0,0͉͒⌽͘ Ϸ 1 and ͗⌽ ͉ ͑k ,0͉͒⌽͘=͗⌽ ͉ ͑0,k͉͒⌽͘ ‫ء‬ =−iI 0 ⌶ k ϫexp ͑−ik⍀ 0 t͒. Let N m be the total number of sets of m impurities. Defining the ensemble average ͑m͒ = ͱ͚ ͉͗⌽ ͉ ͑m ,0͉͒⌽͉͘ 2 / N m , it follows that the amplitude of the mth-harmonic oscillations gives a direct measure of the entanglement since it is proportional to ͉͑m͉͒ 2 . From the results for donors at 3.4 T in Fig. 11͑a͒ ͑see also Fig. 3 of Ref. 17͒, we get ͗͑2͒͘ / ͗͑1͒͘ Ϸ 0.014 and ͗͑3͒͘ / ͗͑1͒͘ Ϸ 0.46. It is important to realize that the strength of the mth harmonic also measures the probability of finding m donors in the region where the coupling between the localized exciton and the impurities is significant. Assuming an interaction length of ϳ100 Å ͑in CdTe, the donor radius is ϳ50 Å͒, the ratio between the frequency-integrated intensities of the first ͑1SF͒ and third harmonic ͑3SF͒ gives the crude estimate of 5 ϫ 10 16 cm −3 for the density of donors in our sample. Using this density, we obtain ͗͑1͒͘ / I 0 Ϸ 30 m 2 / J which is ϳ10 3 -10 4 larger than what a calculation gives for offresonance excitation.
Pump-probe oscillations: Laser in resonance with free excitons
Like the manganese PR ͑see Fig. 12͒ , the amplitude of the donor-related oscillations decreases as the central energy of the pulses moves away from the resonance with localized excitons at ϳ1.68 eV. Yet, these oscillations reappear when the laser energy is tuned to resonate with free excitons. As shown in Fig. 13 for ប C = 1.70 eV and in Fig. 14 for ប C = 1.71 eV, the amplitude of the second harmonic becomes comparable to that of 1SF. 18 The LP fits also show the 3SF mode but, relative to 1SF, its strength is comparable to values obtained at the localized exciton resonance. These results clearly indicate that the two-electron entanglement benefits from the mediation of free excitons and, consistent with the Raman results for Mn 2+ spin flips at low temperatures, 22, 49 that the QW symmetry is lower than D 2d since, otherwise, A 1 -symmetry modes such as 2SF should not exhibit magnetic Kerr oscillations. Even though the ideal QW symmetry is not expected to hold in the presence of alloy disorder and interface roughness, we have not been able to identify the particular symmetry-breaking process responsible for the twoparticle entanglement. We note that a mechanism for entanglement involving the RKKY interaction between localized electrons and extended excitons has been recently proposed.
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C. Exciton Zeeman beats
As discussed in Sec. III B 2, other than spin-flip oscillations of paramagnetic impurities the experiments in the Voigt geometry reveal quantum beats associated with the electron Zeeman-split levels of localized excitons ͑Fig. 9͒. Similar to early reports for Al x Ga 1−x As-based heterostructures, 61 frequency at 7 T is ϳ80 cm −1 and its lifetime is ϳ 1 ps. As for other excitations described in this work, we believe that the dominant source of beat decay is inhomogeneous broadening due to fluctuations in the manganese concentration.
The differential-reflectivity data in Fig. 15 was acquired using linearly polarized pump and probe beams. In this configuration, the localized excitons created by the pump pulses are in a coherent superposition of states ͉ + ͘ and ͉ − ͘. Surprisingly, magnetic-Kerr data obtained with circularly polarized pump pulses ͑the same setup we used to measure ⌬ in the Voigt configuration͒ gives nearly identical results. This is unexpected because, for B ʈ z, circularly polarized light couples only to one of the two states, and also because the rotation of the probe polarization is inconsistent with the quantization axis being along the z-direction ͑light polarized normal to z cannot couple to the operators S x and S y which lead to spin precession͒. Whereas the specific reason why the Faraday quantum beats are observed in the magnetic-Kerr geometry is not known at this time, these observations add weight to the reported evidence that the symmetry of Cd 1−x Mn x Te-based QW's is not D 2d . 22 The differential reflectivity ͑although not magnetic-Kerr͒ data reveal also oscillations for which the frequency does not depend on the magnetic field. As shown in Fig. 17 , these oscillations are observed in the Faraday configuration after ϳ3 ps for all values of B. They can also be seen in the Voigt configuration at small fields. The Fourier spectra in the insets show two peaks, one labeled AFMR ͑antiferromagnetic resonance͒ at 6.8 cm −1 and the second one at 11.3 cm −1 . These modes have entirely different origins. The higher-frequency one is due to coherent acoustic phonons of the CdTe 0.996 Mn 0.004 Te-MnTe superlattice which propagate along the z-axis, while AFMR is a transition associated with a pair of antiferromagnetically coupled Mn 2+ nearest neighbors. [62] [63] [64] It is important to observe that the latter is unlike the problem discussed in previous sections where the manganese ions that become entangled are several lattice constants apart and their coupling is mediated by excitons.
Our assignment of the AFMR peak is based on a comparison with existing spontaneous 62, 63 
62-64
The position of AFMR agrees extremely well with values reported for the dominant Raman transition between the ground state of the pair, with S = 0, and the S z = 0 state of the S = 1 triplet, which, consistent with the fact that AFMR is only observed in differential-reflectivity measurements, is even under time reversal. [62] [63] [64] We note that the energy of this transition is given by 2J AF and does not depend on B.
High frequency ͑ജ0.1 THz͒ acoustic phonons are usually not accessible to light scattering experiments because of momentum mismatch. In artificial periodic structures such as superlattices, however, modes at k =2 ᐉ / d are folded back to the center of the Brillouin zone and, thanks to Fourier components introduced by the modulation of either the elastic or photoelastic constants, phonons with k =2 ᐉ / d ± q S ͑q S is the scattering wave vector͒ can become Raman active. 65, 66 Here k is the magnitude of the wave vector parallel to the growth direction, d is the superlattice period and ᐉ is an integer. These so-called folded acoustic phonons have been extensively studied with spontaneous Raman scattering methods 66 and, more recently, the generation of coherent folded acoustic phonons using light pulses has received much attention. [67] [68] [69] [70] A simple calculation using pa- rameters from the literature [71] [72] [73] shows that the frequency of the longitudinal-acoustic mode at k =2 / d is close to that of the high-frequency oscillation in Fig. 17 . This, as well as the facts that the associated Raman tensor is diagonal, which agrees with the observed selection rules, and that phonon frequencies do not depend on B, support our assignment that the oscillation at 11.3 cm −1 is due to coherent acoustic phonons.
IV. CONCLUSIONS
We have presented a comprehensive study, combining spontaneous Raman scattering and coherent time-domain spectroscopy, of low-lying excitations and states associated with the bandgap of a CdTe QW doped with donors and manganese ions. For excitation below the bandgap, our results confirm that there is a system of localized excitons coupled to paramagnetic impurities in a CdTe QW that is well described by the level structure of Fig. 2 . We have shown that such a system can be optically excited to generate many-spin Raman coherences and, thus, entanglements involving multiple donors and, independently, Mn 2+ ions. Our system of paramagnetic impurities is a promising candidate for meeting the five criteria put forth by DiVincenzo for the physical realization of a quantum computer. 74 Explicitly, ͑i͒ the qubits embodied by the impurity spin states are well characterized and fully scalable, ͑ii͒ a well-defined initial state can be simply attained by cooling the sample down to sufficiently low temperatures, and ͑iii͒ spin-flip decoherence times are some of the longest known in the solid phase. 51, 75 We further note that the localization centers associated with, say, surface roughness, and the donors need not be at the same sites. Hence, ͑iv͒ spectral discrimination coupled with submicrometer-sized apertures 10 can possibly be used to excite particular excitons to address a particular set of impurities. Finally, ͑v͒ our observations of two-and three-qubit entanglement can be construed as a demonstration of lightcontrolled interaction between the qubits and, as such, they represent a crucial step for the implementation of a universal set of quantum gates, as described in the related problem of electrons in quantum dots in Ref. 14 and, more recently, in Ref. 76 .
Other than the results on entanglement mediated by localized excitons, we have shown that photoexcitation of free excitons significantly enhances the degree of nominally forbidden entanglement of a pair of donor electrons, although the mechanism by which this is achieved could not be identified. We also reported on the observation of exciton Zeeman beats in the Faraday configuration, Raman beats of antiferromagnetically coupled manganese pairs and folded acoustic phonons.
